The algebra of diffeomorphisms derived from general coordinate transformations on commuting coordinates is represented by differential operators on noncommutative spaces. The algebra remains unchanged, the comultiplication however is deformed, that way we have found a deformed bialgebra of diffeomorphisms. Scalar, vector and tensor fields are defined with appropriate transformation laws under the deformed algebra and a differential calculus is developed. For pedagogical reasons the formalism is developed for the θ-deformed space as it is the best known example of deformed spaces.
Introduction
This lecture is based on common work with P. Aschieri, C. Blohmann, F. Meyer amd P. Schupp that will be published in a forthcomming paper [1] .
Deformed coordinate spaces based on algebraic relations have been studied extensively [2] . The θ-, κ-and q-deformations are the best known examples [3] . In this lecture we shall treat the θ-deformed space for simplicity, the formalism however is presented in such a way that the generalisation to other spaces is obvious.
It is not clear how coordinate transformations can be defined on noncommuting coordinates such that this leads to a meaningful calculus. Our strategy is as follows: we start from general coordinate transformations of commuting variables. Their algebraic structure is represented by algebra of diffeomorphisms, a Lie algebra with well defined comultiplicaton rules. We shall deforme their structure and take this as the basis for a deformed differential geometry. Our approach makes heavy use of the ⋆-product formalism [4] . In the second chapter we show how to derive the ⋆-product from the algebra [5] . For the θ-deformed space we arrive at the Moyal-Weyl product, as expected. The properties of the Moyal-Weyl product are well known, nevertheless we go trough a rather detailed analysis having a generalisation to other quantum spaces in mind.
As a next step we define derivatives. A differential calculus on noncommuting spaces has been established in previous work [6] , we only have to show how that calculus can be expressed in the ⋆-product formalism. Vector fields on noncommuting spaces are represented in the ⋆-product formalism as higher order differential operators acting on functions of commuting variables. This suggests to study higher order differential operators on the deformed and nondeformed spaces as well. It turns out that there is an invertible map from the differential operator on commuting variables to differential operators on noncommuting variables preserving the algebraic structure. When we apply this to the vector fields on commuting variables we obtain higher order differential operators on noncommuting spaces that form the same algebra as the original vector fields. That way we found a representation of the algebra of diffeomorphisms as higher order differential operators on noncommuting spaces. The algebra remains unchanged, the comultiplication changes. We have constructed a deformed bialgebra of diffeomorphisms.
In the last chaper we show how this algebra acts on scalar field and on covariant and contravariant vector fields. This should pave the way to a deformed differential geometry on noncommutative spaces that finally leads to a deformed gravity theory.
Properties of the deformed coordinate spaces
The deformed coordinate spacesÂx that we have been considering, the θ-, κ-and q-deformed spaces, are based on coordinatesx = {x 1 , . . . ,x d } and on the respective relations [7] . The coordinates form an associative free algebra andÂx is the quotient of this algebra by the ideal generated by the relations [8] . The spaces mentioned above have additional properties that are useful for developing a differential calculus, a star product formulation and for application in physics. We mention two of them here.
Conjugation
It is possible to define a conjugation on the coordinates [9] ,x ν such thatī = −i and x µxν =x νxµ and such that the relations are left invariant. In this case we can identify:
and define real coordinates. For the θ-deformed space, this is the space we are going to deal with in this lecture, we have the relation
and consequently, for real θ
and thus equation (1) can be imposed.
Poincaré-Birkhoff-Witt (PBW) property
This concept was first developed for Lie algebras [10] , but it applies to the other deformed algebras as well. PBW demands that the dimensions of the finite dimensional vector spaces, spanned by the homogeneous polynomials of degree r, have the same dimension as the corresponding vector spaces of commuting variables. We shall denote these vector spacesV r and V r , respectively. PBW gives some information on the "size" of the algebraÂx which is infinite dimensional. The θ-, κ-and q-deformed spaces have PBW property.
3 The algebra and the star product (⋆-product)
Finite dimensional vector spaces with the same dimension are isomorphic:
To establish this isomorphism we choose a basis inV r and map this basis on a suitable basis in V r . The specific form of the isomorphism will depend on the basis chosen. A natural choice are the completely symmetrisized monomials. We denote the elements of this basis with : :
The vector spaceV = r ⊕V r is spanned by this basis, V is the corresponding vector space of commuting variables.
The vector space isomorphism ϕ is then defined by a map of the basis in the noncommutative spaces on the corresponding basis of commuting variables:
This is a vector space isomorphism with the inverse
As an example consider the elementx µxν , it has to be expanded in the basis:
By ϕ, this element is mapped as follows:
The same procedure leads to
Thus,
The inverse isomorphism ϕ − 1 is straightforward
The vector space isomorphism ϕ can be extended to an algebra morphism. We start with two elements ofÂx:ĝ
The product is well-defined and again an element ofÂx:
The elements ofÂx can be expanded in the basis chosen and mapped by ϕ on the algebra of commuting variables A x :
This defines the ⋆-product of two functions. The algebra of the noncommuting variables,Âx is isomorphic to the algebra of commuting variables with the ⋆-product as multiplication. As an example we consider first the elementsf (x) =x µ andĝ(x) =x ν . From (5) follows f = x µ and g = x ν and (9) and (10) yield:
This result can be written with a bidifferential operator
This is easy to see because the higher derivatives vanish. We shall show that the ⋆-product of two elements of A x can always be written in this form for arbitrary polynomials f and g.
This way the ⋆-product of two polynomials can be formally extended to the ⋆-product of two smooth functions f and g; f ∈ C ∞ , g ∈ C ∞ . We shall prove (17) by induction on the degree of the polynomialf (x). Forf = 1 the statement is obvious. We assume that it is true forf of degree r and prove it for polynomials of degree r + 1. To proceed we first prove it forf linear acting on elements of the basis:
With the relation (2) we can takex ρ to any position in this product. We add up all terms generated that way to obtain a polynomial symmetric in ρ, µ 1 , . . . µ n : :
This is exactly the result that we obtain from (17). The rest of the proof follows from associativity:
For the associative algebra associativity holds by definition, for the ⋆-product (17) it has to be shown explicitly, as we do not know that the ⋆-product (17) really is the right ⋆-product. We are in the middle of the proof. We use a specific notation for (17)
In this notation the following identity holds:
y,z→x
This is the Leibniz rule. It also holds for any power of the derivative and, therefore, for any polynomial P (
We rewrite the left-hand side of (22) in this notation
The two expressions agree, associativity is shown. For the rest of the proof we choose in equation (22) x ρ for f , a polynomial of degree r for g. The right-hand side is true by the assumption of the induction, on the left-hand side f ⋆ g is a polynomial of degree r + 1.
The ⋆-product (17) was first introduced by H. Weyl [11] for his quantization procedure and later by Moyal [12] to relate functions of the phase space to quantummechanical operators in Hilbert space. For this reason the ⋆-product (17) occurs in the literature as Moyal-Weyl product. Other ⋆-products will occur for different orderings.
The reality property is easily seen:
wheref is the complex conjugate of f andḡ is the complex conjugate of g. The ⋆-product (22) is a bilinear map
It defines a unique map⋆ on the tensor product (universal mapping property of the tensor product):
such that µ ·⋆ = ⋆, that is
where µ maps f ⊗ g to f g. Many calculations become simpler if we use the ⋆-product in the form (29) and (30).
Derivatives and higher order differential operators 4.1 Derivatives
Derivatives are defined as maps onÂx [6, 7] :
For the θ-space a natural choice, compatible with the relation (2), is
This implies the usual Leibniz rule:
By the isomorphism ϕ the derivatives can be mapped to the space of functions of commuting variables:f
The map ∂⋆ is defined by this diagram. For the derivatives above we find
The derivatives act as the usual derivatives. This had to be expected because the ⋆-operation is x independent and thus commutes with the derivatives.
Vector fields
Vector fields can be defined on the algebra:
They map elements ofÂx on elements ofÂx. These, in turn, can be mapped to the function space of commuting variables:
where
The vector field onÂx becomes a higher order differential operator acting on f , if we insert the definition of a star product into (37):
This suggests to study higher order differential operators on the algebraÂx from the very beginning.
Higher order differential operators
Let X be a higher order differential operator acting on smooth function f in A x :
In the same spiritX is a higher order differential operator acting on elements ofÂx
The homomorphism ϕ maps an elementXf ofÂx to an element Ξf of A x :
where f and ξ r are the images off andξ r under ϕ:
Our aim is to study algebraic structures of the higher order differential operators.
As an example we consider the deformed Lorentz transformations [13] :
They represent the Lorentz algebra.
If we map the differential operatorδ ω to the commuting variables, we obtain:
This is the "angular momentum" representation of Lorentz transformations. It is obvious that they satisfy the Lorentz algebra (46), and this is the reason why the operators (45) satisfy (46) as well.
The ⋆-product of higher order differential operators
In the previous section, in equation (43), we introduced the ⋆-product of a differential operator with a function:
This is a map of higher order differential operators
We want to show that this map is invertible. Given a differential operator Ξ we can find a differential operator X Ξ such that
This is the inverse map Ξ → X Ξ .
We first define the differential operator Ξ:
For the proof we use the tensor product notation and the identity µ e 
We now separate the ⋆-product:
We have found the differential operator X Ξ
This formula can be applied to the product of two functions
It immediately follows from (50) that
As a consequence, the differential operators X g and X h commute. This result can be used to define derivative dependent gauge transformations in the ⋆-product formalism
When applied to vector fields, formula (55) allowes a deformation of the diffeomorphisms algebra.
The corresponding differential operator X ξ is:
When we calculate the commutator of two such operators, we obtain
The differential operators X have the Lie algebra structure of vector fields. Vector fields of the form
form a finite-dimensional Lie algebra:
where [ω, ω ′ ] is the commutator of the matrices ω µ ν . The corresponding differential operators form the same algebra
We have found the ⋆-product realization of the algebra of diffeomorphisms. The Lorentz algebra (45) can be obtained this way.
6 The deformed algebra of diffeomorphisms and gauge transformations
Diffeomorphisms
By equations (50) and (61) we have lifted the algebra of diffeomorphisms to the ⋆-product realization that, in turn, leads to a quantum space realization by the inverse homeomorphism ϕ −1 . To study the comultiplication we apply the differential operator X ξ to the ⋆-product of two functions. By the very definition of X ξ we obtain:
The parameter ξ(x) does not commute with the derivatives of the ⋆-product, additional terms arise. We calculate to first order in θ:
To first order in θ this can be summarized in the comultiplication rule:
This is the new comultiplication law of the bialgebra of diffeomorphisms to first order in θ. It needs some calculation to show that this comultiplication law is compatible with the algebra:
This comultiplication rule can be calculated to all orders in θ, the result will be published in a forthcoming paper. Equations (61), (67) and (68) allow us to treat the deformed Lie algebra of diffeomorphisms on a purely formal level. Again, the algebra remains the same, the comultiplication is different, this yields a deformed bialgebra of diffeomorphisms.
Gauge transformations
Derivative valued gauge transformations have been defined. The parameter α will be Lie algebra valued. At the classical level we have:
The matrices T a are the generators of the Lie algebra in the respective representation spanned by ψ. This can be lifted to a ⋆-product realization:
This equation defines the differential operator X α . To first order in θ we obtain with Lie algebra valued α :
We calculate the commutator of two such transformations:
and we see that they form a realization of the gauge group. The comultiplication can be derived from the application ofδ α to the ⋆-product of two fields ψ and φ:
all to first order in θ. We abstract the comultiplication rule:
It again needs some calculation to verify directly
Fields
Fields are elements ofÂx with certain transformation properties. We formulate these properties in the ⋆-realization of the algebraÂx. For a scalar field we define:
The differential operator X ξ was defined in (60). It is
It has the property:
With the definition (76) we have lifted the diffeomorphism algebra that generates the general coordinate transformations in A x to a realization onÂx. We have seen in the previous section that the comultiplication changes.
Finally, we can lift the concept of vector fields and tensor fields toÂx as well. A covariant vector field in A x has the transformation properties:
It agrees with the transformation of the derivative of a scalar field.
Equation (79) can be lifted toÂx
where X ρ µ is the differential operator
that can be computed from (79). The same procedure applies to contravariant vector fields as well as to tensor fields with an arbitrary number of indices. Thus, we represent the diffeomorphism algebra on these vector fields. For contravariant vector fields we have
This transformation can be lifted to the ⋆-product realisation
with the differential operator
